Background
Inventory pledge loans are one of the most important financial instruments in banks, which exceed real estate pledged loans. Compared with international banks, the proportion of inventory pledge loans in China is smaller and develops slowly. Therefore, the rapid development of Chinese modern service industry has been restricted to a particular extent, for example, the logistics and financial industries' ability to promote growth in real economy has been restricted. During the inventory pledge loan process, the value of pledges changes with time and those with sufficiently high values reduce the credit risk of banks. One of the key risk management problems of banks is to determine a reasonably pledged loan-to-value ratio, a rate of pledge loans, and a pledge value. Therefore, looking for a scientific method to determine a pledged loan-to-value ratio is the first necessity of sound and for the rapid development of the inventory pledge loan business.
In foreign mature capital markets, the practice and research of pledge loans is different from ours. In foreign countries, there is a developed asset securitization market, and the focus of theoretical research is the pricing of asset securitization under the conditions of a given pledged loan-to-value ratio. On the contrary, in our country, because most of the credit assets lack liquidity and a secondary market to trade in, at present, the pledged loan-to-value ratio of storage pledge loans in our banking industry is generally defined as 70 %. Therefore, our core research problem is to determine the pledged loan-to-value ratio under the premise of reasonable pricing, which means solving the inverse problem of similar foreign research. Literature on pledged loan-to-value ratio is rare. Stulz and Johnson (1985) first used Merton's (1973) structural method to study the effects of the pledge on pledged collateral debt pricing. On that basis, Jokivuolle and Peura (2003) calculated the default probability of a loan enterprise to establish the relationship between loan loss and the pledged loan-to-value ratio. When pricing a mortgage-backed credit risk tool, Cossin and Hricko (2003) identified the discount rate of the pledge (subtract pledged loan-to-value ratio from 1). Korteweg and Sorensen (2015) used a Bayesian filtering procedure to recover the price path for individual properties and produce selection-corrected estimates of historical combined loan-to-value ratios distributions. Using the simplified method proposed by Jarrow and Turnbull (1995) ; Jarrow et al (1997) and Duffie and Singleton (1999) ; proposed a pledged loan-to-value ratio that is consistent with a bank's risk tolerance. Buzacott and Zhang (2004) studied financing based on assets from the perspective of the enterprise; they combined bank risk management with enterprise inventory management for the first time and analyzed the choice of interest rate and pledged loan-to-value ratio and their effects on the bank's and the enterprise's profitability. Using a unique micro dataset compiled from official real estate registries in Japan, Arito et al (2013) found that the LTV ratio exhibits countercyclicality, implying that the increase (decrease) in loan volumes is smaller than the increase (decrease) in land values during booms (busts). Similar domestic research has not reached that level. Domestic researchers have mainly used the empirical method and the value at risk (VaR) method and alike methods. Wang (2003) ; Fan and Wei (2003) and Huang et al (2009) used the VaR method to research the manner of determining the pledged loan-to-value ratio from the perspective of the bank loans' market risk and credit risk management. He et al (2012) presented the calculation of long-term risk VaR under thick tail distribution, and obtained the loan-to-value ratio in accord with the risk tolerance of bank. Li et al (2007) applied the risk assessment strategy of "subject + debt" to study banks' pledged loan-to-value ratio determination with downside risk aversion on the condition that the final price of the pledged inventory would follow general and several specific distributions. Qi et al (2008) researched the pledged loan-to-value ratio of loans pledged against combined warehouse receipts. They assumed that the prices of various relative commodities obeyed a copula function, determined a unified pledged loan-tovalue ratio of all pledged goods from the same enterprise, regarded the total cost to the bank as the objective function, and then established nonlinear programming to obtain the optimal pledged loan-to-value ratio. Zhang and Zhao (2010) analyzed the optimal pledged loan-to-value ratio decision of the bank when the demand of inventory fluctuated randomly. By constructing stock loan-to-value ratio model under the condition of the risk neutral or risk preference, Wang et al (2013) studied the decision of the highest quality pledged rate, and analyzed the influence of different risk preferences loan-to-value ratios. Based on default adjusted spread principle, low carbon adjusted spread principle and pledge risk control principle, Kuang et al (2013) made the interest rate decision model of pledged loan, the pledge of which is the liquid inventory in low carbon ports. These studies had a common characteristic; they only considered the probability characteristics of the pledged property and did not make full use of other market information, for example, the risk-free interest rate. Consequently, these studies had few limitations. In a pledge loan market, the term and the interest rate of the loan are decided by the supply side and the demand side. In this case, an analysis of the term structure and the interest rate structure of the pledged loan-to-value ratio is necessary, and this is not addressed in the existing literature.
In this paper, we used the option pricing method to systematically analyze the pricing of an inventory pledge loan and emphasized the pledged loan-to-value ratio. Compared with existing domestic research, the method of this paper has rich theoretical implications. First, each different loan term has its own pledged loan-to-value ratio, thus this method allows us to determine the term structure of the pledged loan-to-value ratio. Second, the method can be used to analyze the relationship between the pledged loanto-value ratio and the loan interest rate. Third, volatility influences the pledged loan-tovalue ratio, and therefore, this method can be used to analyze the manner in which the pledged loan-to-value ratio varies with different types of metals pledged. Lastly, risk attitude affects the determination of the pledged loan-to-value ratio. The major limitation of this method is that the matter pledged should be tradable. The option pricing method requires that the sales of the underlying assets can be transacted dynamically with a low cost. If the pledged property exists, a dynamic hedge of its corresponding futures product (for example, metal futures) can be achieved by futures trading. For a pledged property with futures that are non-tradable or require expensive transactions, we should introduce risk appetite or use the traditional method for analysis. The main purpose of this paper is to articulate the theoretical framework and analytical method; the concrete conclusion and empirical implications will be offered in follow-up studies. Compared to the previous version, this paper summarizes and analyzes more related literature in recent years.
Fixed interest rate and zero coupon model
In our loan market at present, the operation mode of inventory pledge loans varies. The term, interest rates, and interest payments are very flexible. Different banks with different businesses have different treatments. Specific to each business, the concern whether to pay interest and how to pay it with principal or regularly, can be determined by both parties of the loan. In this study, we first analyzed zero-coupon loans with fixed interest rates, and then, we extended to analyze loans with continuous or interval interest payments.
The problem
In general, the value of the loan is a nonlinear function of the pledge value, i.e., the pledged loan-to-value ratio depends on the pledge value. Therefore, the key problem of our study can be stated as follows.
We suppose the following: the continuous compound risk-free interest rate is r, the current moment is t, the amount of a zero-coupon loan is D, the maturity date is T, the continuous compound interest rate with no interest payment before the maturity date is R, and the value of the pledged assets is V. Define the pledged loan-to-value ratio as x = D/V, and then calculate the loan-to-value ratio x(V).
According to the above definition, one can apply for a loan with amount xV(t). The maturity value P(T) can be stated as follows:
P(T) can be decomposed into the following:
In equation (2), the first item is definite. It can be regarded as an amount of risk-free assets and is the value of the loan without the probability of default. The second item is an amount of contingent assets, which equals a put option. At maturity, if the value of the loan is more than the value of the pledged assets, the loan will default. At maturity, if the value of the loan is more than the value of the pledged assets, the borrower will default and the investor will lose the difference. For the investor, this is equivalent to issuing a risk-free loan and selling a put option at the same time. The strike price of the put option is K = xV(t)e Rτ , τ = T − t. Using the put option pricing formula
we can get the current value of combination (2).
To guarantee the loan pricing recognized by both investors and financiers, we applied the principle of fair pricing on loans.
The principle of fair pricing: the present value is equal to the amount of the loan.
P t ð Þ ¼ xV t ð Þ ð4Þ
This is the determining equation of the pledged loan-to-value ratio x. Theorem 1: In general, the value of the pledged assets V, the risk-free rate r, the maturity date of the fixed-rate zero-coupon loans T, the current time t, the loan rate R, and the volatility of the pledged assets determine the pledged loan-to-value ratio. The determining equation of the pledged loan-to-value ratio is as follows:
General properties
There is a more intuitive interpretation of the determination of the pledged loan-tovalue ratio, which we can see if we rearrange equation (5). Theorem 2: The fair pledged loan-to-value ratio makes the present value of the excess earnings equal to the value of a put option.
Theorem 3: If the probability distribution of the pledged assets yield does not depend on the value of the pledged assets V, then x does not depend on V, and the loanable amount is a linear function of the value of the pledged assets.
Proof of theorem 3: According to Merton (1973) , theorem 9, if the probability distribution of the pledged assets yield does not depend on the value of the pledged assets V, the value of the put option is a homogeneous function of the strike price and the current value of the pledged assets.
Take this into equation (5):
is greater than 0, we can get equation (7) after rearranging. Suppose further that the value of the pledged assets V follows the diffusion stochastic process,
where dz is a standard Brownian motion under the objective probability measure P.
Under the risk-neutral probability measure Q,
where dz Q is a standard Brownian motion under probability measure Q.
Theorem 4: For equation (8), the dependency of the pledged loan-to-value ratio on R and r can only be reflected by risk premium R -r.
Proof of theorem 4: According to equation (5), we only need to prove that Φ depends on R -r. According to equation (3),
Using Itō's lemma, under the probability measure Q, the dependency of the e − R(T − t) V(T) distribution on R and r can only be reflected by R -r. Then we can conclude that the dependency of x on R and r can only be reflected by R -r.
Theorem 5: If the probability distribution of V is stable, i.e., μ(V, t) and σ(V, t) in equation (8) do not depend on time; the pledged loan-to-value ratio depends only on τ = T − t.
Proof of theorem 5: According to equation (9), the probability distribution of V Q (T)
can be written as F(V, τ), and the value of the option can be written as Φ(V, τ). The equation of the pledged loan-to-value ratio is as follows:
Thus, x can be written as x(V, τ).
Black-scholes model and pledged loan-to-value ratio
The assumption that stock price follows a geometric Brownian motion has been widely accepted by academia and industry. Because the transaction frequency and the price change frequency of the commodity are lower than those of the financial assets, using the hypothesis of a geometric Brownian motion to describe the change in the commodity price is not intuitive, but it is still reasonable. Especially when we research the pledge loans of commodities such as agricultural products, metals, and oil for which futures trading exists, the rationale is more obvious. For example, studies by Fernando et al. (2006) ; Alvarez-Ramirez et al (2008), and others considered that geometric Brownian motion could well depict the price of petrol. Therefore, for the convenience of analysis, we assume that the value of a pledged property follows a geometric Brownian motion
Obviously, a geometric Brownian motion meets the assumptions in theorem 2 to theorem 5. If we redefine the variable R − r = k, the corresponding pledged loan-to-value ratio can be written as x(k, τ, σ). We can see that the pledged loan-to-value ratio is decided by the risk premium R − r, loan term, and the value volatility of the pledged property.
Under the assumption that the price of pledged property follows a geometric Brownian motion, we can obtain explicit solutions for the option price. For a European put option with present price S and strike price T, using the standard Black and Scholes (1973) put option pricing formula, we can get Φ as follows:
where N(⋅) is the probability distribution function of standard normal distribution. The other parameters are the same as in the above-mentioned definition.
In this paper, the value of the put option is
where
Because N(x) + N(−x) = 1, we can obtain the determining equation of the pledged loanto-value ratio. Theorem 6: If the price of the pledged property follows a geometric Brownian motion, the determining equation of the pledged loan-to-value ratio is as follows:
where d i , i = 1, 2 is defined by equation (12). Equation (13) is a nonlinear algebraic equation of x; we can use a numerical algorithm to get the explicit solution of x.
Further discussion
Pledged loan-to-value ratio of continuous-interest-payment, fixed-rate, and indefinite loans The basic method previously used to analyze the zero-coupon loan can be extended to interest-bearing loans directly. First, we consider continuous-interest-payment loans. The fixed interest rate is R. To get the analytical solution, we assume that the length of maturity is indefinite. The solution for a limited situation can be obtained using a numerical algorithm. Suppose that the price of a pledged property follows a geometric Brownian motion, the value of the pledged property is P, the lending moment is 0, and the interest paid each time is RxV(0). Then, P satisfies the following equation:
here, the operator Θ is defined as follows:
where P V is the first-order derivative of P to V and P VV is the second-order derivative of P to V.
To solve equation (14), we need to know the boundary condition. The main content of the boundary conditions is the default time when the borrower stops paying interest and terminates the contract. For fixed-rate zero-coupon loans, the default time is easy to determine, because the borrower can only default at the maturity date. However, for interest-bearing loans, the borrower has the right to decide the default time τ. In this situation, the loan contract has the characteristics of an American option. As a result, the economic implication of the default time is that the borrower chooses the best time to default. Mathematically speaking, that requires the following two conditions.
Continuity condition: When the borrower defaults, the value of the pledged assets is equal to the value of the loan. The economic implication is that if the value of the pledged property is greater than the value of the loan, the borrower should not give up the pledged property and should not default, and if the pledged property value is less than the value of the loan, the borrower should not continue to repay the loan and should default. Therefore, when the borrower defaults, the value of the pledged assets must be equal to the value of the loan.
Smoothness condition: When the borrower defaults, the value function is smooth, i.e., the slope before defaulting is equal to the slope after defaulting. This is an optimization condition. Borrowers will choose the optimal timing from all the alternatives that satisfy the continuity condition. This makes the increased value of the borrower largest, and the slope of the increased value function is equal to 0.
Equation (14) is an ordinary differential equation the solution that consists of a particular solution and the general solution of a homogeneous part. The particular solution is as follows:
The general solution of homogeneous part rP = Θ(P) is
where C is an undetermined constant and θ ¼ − 2r σ 2 is the solution of the following algebraic equation 0:5σ 2 θ 2 þ r−0:5σ
According to the continuity condition and the smoothness condition, we choose V , which makes
Then, we can get V ¼ Rx r
Theorem 7: For a continuous-interest, fixed-rate, and indefinite loan where the price of the pledged property follows a geometric Brownian motion, the pledged loan-tovalue ratio is
Proof of theorem 7: The determining equation of the pledged loan-to-value ratio is as follows:
Using equation (18) and rearranging it, we can get equation (19).
Pledged loan-to-value ratio of interval-interest-payment and fixed-rate loans
A more realistic situation is paying interest at intervals. Consider a pledge loan contract paying interest at intervals. Interest dates are τ 1 , τ 2 , ⋯, τ n − 1 , τ n , and the corresponding payments are C 1 , C 2 , ⋯, C n − 1 , C n . Obviously, an ordinary fixed-rate loan is a specific case of this type. In this situation, we could use a recursive method to get the solution. Assume that the pricing function of the loan is Γ τ (V(T)), which means the value of V(T) at the moment τ. In [τ n − 1 , τ n ], the value of the loan is equal to the determining equation of the fixed-rate zero-coupon loan mentioned previously.
At the moment τ n − 1 ,
In (τ n − 2 , τ n − 1 ), the value of the loan is as follows:
Theorem 8: The recursive loan-pricing equation is as follows:
At the moment t = τ n − 2 , the equation of the pledged loan-to-value ratio is as follows:
Proof of theorem 8: Make simultaneous equations of equations (22) and (23). Then, according to the principle of fair pricing, we can get it.
Thus, through step-by-step derivation, we can get the value of the loan and the determining equation of the pledged loan-to-value ratio at any moment. Using a numerical algorithm, we can figure out the value of x in equation (25).
The pledged loan-to-value ratio of a package of fixed-rate zero-coupon inventory pledge loans This basic method can be extended to analyze many types of inventory pledge loans, for example, metal.
The correlation coefficient of two Brownian motions is ρ. We are most concerned with the relationship between the quantity proportion of two types of metal y, z and the pledged loan-to-value ratio.
Redefine the portfolio value as follows:
Replace V in the second part we mentioned previously with V in equation (28), and then use the same approach. Because the sum of geometric Brownian motions is not a geometric Brownian motion, to obtain the explicit solution, we need to determine an approximate option pricing formula. According to a study by Milevsky and Posner (1998) , the approximate pricing formula of the option portfolio is as follows:
The equation of the pledged loan-to-value ratio is as follows:
The only difference with equation (13) is volatility v,which implies the quantity proportion of two types of metal and the correlation coefficient.
A numerical example
Due to space limitations, we only provide a numerical example for theorem 6, equation (13). This visually displays how the pledged loan-to-value ratio changes with the term of the loan, the risk premium, the value volatility characteristics, etc. Equation (13) is an implicit function of x with parameters σ, τ and k, thus we use the solve function in Matlab to achieve it. The result of the numerical example is consistent with our preceding theoretical analysis.
Given the risk premium k = 0.05 and the value volatility of the pledged property σ = 0.25, the relationship between the pledged loan-to-value ratio x and the term of the loan τ is shown in Fig. 1 . As we can see in the figure, with the loan terms extended from 1 year to six years, the pledged loan-to-value ratio gradually becomes smaller; i.e., for the same pledged property, the longer the loan term is, the smaller the loan amount will be. The pledged loan-to-value ratio x is a convex decreasing function of the term of the loan τ.
Given the risk premium k = 0.03 and the term of the loan τ = 6, the relationship between the pledged loan-to-value ratio x and the value volatility of the pledged property Fig. 1 The relationship between the pledged loan-to-value ratio and the term of the loan σ is shown in Fig. 2 . As in Fig. 2 , the pledged loan-to-value ratio decreases with an increase in the value volatility of the pledged property. An increase in the value volatility of the pledged property increases the risk. Given the same loan term and risk premium, the funds that the bank is willing to lend will be reduced with an increase in the value volatility. The pledged loan-to-value ratio x is a concave decreasing function of the value volatility of the pledged property σ.
Given the value volatility of the pledged property σ = 0.25 and the term of the loan τ = 6, the relationship between the pledged loan-to-value ratio x and the risk premium k is shown in Fig. 3 . As illustrated in the figure, the pledged loan-to-value ratio x is a concave increasing function of the risk premium k. When the risk premium, which can be understood as the difference between the deposit interest rate and the loan interest rate, increases, the profitability of banks will increase and the capacity to bear risk will be enhanced. In this situation, for a pledged property with the same value volatility and loan term, the willingness of the bank to lend money will be stronger and the pledged loan-tovalue ratio will then increase.
Conclusions
To sum up, we investigated the pricing of an inventory pledge loan under an option pricing environment, analyzed the main factors that affected the pledged loan-to-value ratio, and provided a numerical example. The numerical simulation results show the term structure of the pledged loan-to-value ratio. The ratio varies with the term and is a convex decreasing function of the term. We can also conclude from the figure that the pledged loan-to-value ratio is a concave decreasing function of the value volatility of the pledge, and the larger the volatility is, the smaller the ratio will be. This can be used to analyze the manner in which the pledged loan-to-value ratio varies with pledges Fig. 2 The relationship between the pledged loan-to-value ratio and the value volatility of the pledged property of different types of metal. In addition, the pledged loan-to-value ratio is a concave increasing function of the risk premium. When the risk premium increases, banks' capacity to bear risk will be enhanced and the ratio will increase. All these results are quite intuitive.
In practice, small banks lack methods and techniques to dynamically hedge such loans. Big investment banks could consider creating such derivatives and directly selling them to small financial institutions; this would provide new market space. In addition, the scientific measurement of the pledged loan-to-value ratio means that using simple rules of thumb or the VaR method may lead to mispricing, which could create the possibility of arbitrage. This provides a direction for trading derivative products of pledges. In this paper, the result is concluded in the situation of fixed interest rates. For floating interest rate circumstances, we should introduce a random interest rate process and specify the function form between the loan interest and the risk-free rate. The major limitation of this method is that the matter should be tradable. The option pricing method requires that sales of the underlying assets can be transacted dynamically with a low cost. If futures corresponding to the pledged properties exist, for example, metal futures, a dynamic hedge can be achieved through futures trading. For a pledged property with corresponding futures that are non-tradable or require expensive transactions, we should introduce risk appetite or use the traditional method to analyze.
